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1. Introduction
Consider the inﬁnite dimensional linear neutral equation⎧⎪⎪⎪⎨
⎪⎪⎪⎩
d
dt
[
x(t) − Kxt
]= A[x(t) − Kxt]+ Lxt , t  0,
lim
t→0+
[
x(t) − Kxt
]= z ∈ X,
x0 = ϕ,
(1)
where the state x(t) takes values in a Banach space X , the coeﬃcient operator A : D(A) ⊂ X → X generates a strongly
continuous semigroup T := (T (t))t0 on X , L, K ∈ L(W 1,p([−r,0], X), X), 1 < p < ∞ and r ∈ (0,+∞), z ∈ X, ϕ ∈
Lp([−r,0], X), and xt is the history function on [−r,0] at t deﬁned by xt(θ) = x(t + θ) for θ ∈ [−r,0].
Throughout this paper we assume that the linear operators L and K are given by the following Riemann–Stieltjes inte-
grals
Lψ =
0∫
−r
dμ(s)ψ(s) and Kψ =
0∫
−r
dη(s)ψ(s) (2)
for ψ ∈ W 1,p([−r,0], X), where μ,η : [−r,0] → L(X) are functions of bounded variations and continuous at zero.
There are many references that focus on well-posedness of the neutral equation (1) when the phase space is the space
of continuous functions C([−r,0], X) and/or the Lebesgue space Lp([−r,0], X), for example, [2,8,9,5,10,13,16] and the ref-
erences therein.
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equation (1) in the case of the phase space Lp([−r,0], X). In order to explicit our approach we ﬁrst recall the reformulation
of the neutral equation (1) in product spaces. It is proved in [2] and [10] that the neutral equation (1) can be reformulated
as the following Cauchy problem⎧⎨
⎩
w˙(t) = AK w(t), t  0,
w(0) =
(
z
ϕ
)
∈ X , (3)
where X is the following larger Banach state space
X := X × Lp([−r,0], X)
endowed with the norm
∥∥( z
ϕ
)∥∥= ‖x‖ + ‖ϕ‖p , and AK : D(AK ) ⊂ X → X is the matrix operator
AK :=
(
A L
0 ddθ
)
,
D(AK ) :=
{(
z
ϕ
)
∈ D(A) × W 1,p([−r,0], X): z + Kϕ = ϕ(0)}. (4)
Furthermore, it is proved in [10] that the operator AK coincides with the generator of an inﬁnite dimensional well-posed
closed-loop system (in the Weiss sense [21]) and the corresponding semigroup TK := (TK (t))t0 satisﬁes an appropriate
variation of constant formula on the hull space X . Moreover, the positivity of this semigroup is investigated.
In this paper, we show that the semigroup TK is eventually norm continuous (resp. eventually compact) whenever the
semigroup T is immediately norm continuous (resp. immediately compact). Our approach is mainly based on the new
variation of constant formula of TK obtained in [10], another equivalent formula for TK obtained in [15, Remark 4.6(b)] and
properties of admissible control and observation operators for semigroups, see [17–20]. Such results are already obtained
for the special case when K ≡ 0, which coincides with delay equations, see [1,11,14].
It is to be noted that [8] used C([−r,0], X) as phase space (which is also the state space) and showed that the solution
semigroup on this space equals the semigroup for the difference equation (i.e., the case A ≡ 0 and L ≡ 0) plus a compact
operator, which means that the semigroup solution is quasi-compact, see also [9, Lemma 4.1] for a proof. Furthermore, in [4]
it is shown that this semigroup satisﬁes the weak spectral mapping theorem.
This paper is organized as follows. In Section 2, we recall the variation of constant formula for the semigroup solution
of the Cauchy problem (3). In Section 3, we prove regularity of the semigroup TK . Section 4 is a conclusion.
Notation. Let Z be a Banach space and G : D(G) ⊂ Z → Z be the generator of a strongly continuous semigroup V :=
(V (t))t0 on Z . Denote by ρ(G) the resolvent set of G and by R(λ,G) := (λ − G)−1, λ ∈ ρ(G), the resolvent operator
of G . The completion of Z with respect to the norm ‖z‖−1 := ‖R(λ,G)z‖ for z ∈ Z and some λ ∈ ρ(G), is a Banach space
denoted by Z−1 (or ZG−1 to avoid confusions) which is called the extrapolation space associated with G and Z . Then Z is
continuously embedded in Z−1 and V can be extended uniquely to a strongly continuous semigroup V−1 := (V−1(t))t0
on Z−1.
2. Well-posedness of the linear neutral equation
This section is to recall in a very sketched way the existence of the solution semigroup of the Cauchy problem (3) as
well as an appropriate variation of constant formula for this semigroup which is to be used as the main tool in the next
section.
It is well known that the following operator
Q f = d
ds
f , D(Q ) = { f ∈ W 1,p([−r,0], X): f (0) = 0} (5)
generates a strongly continuous semigroup (S(t))t0 on Lp([−r,0], X) called the left shift semigroup, see [3, Chapter 2].
Moreover, the resolvent set ρ(Q ) = C. Deﬁne the Yosida extension of L as follows
D(LΛ) :=
{
f ∈ Lp([−r,0], X): lim
λ→+∞ LλR(λ, A) f exists
}
,
LΛ f := lim
λ→+∞ LλR(λ, A) f . (6)
It is shown in [7], that S(t) f ∈ D(LΛ) for all f ∈ Lp([−r,0], X) and almost every t  0. Moreover, for α > 0 we have
α∫ ∥∥LΛS(τ ) f ∥∥p dτ  γ p‖ f ‖pp (7)0
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Yosida extension KΛ of the operator K in the same way as above.
A proof of the following result can be found in [12, Proposition 3.1], see also [6] which use the concept of Yosida
extensions.
Lemma 2.1. The operator
A =
(
A L
0 Q
)
with D(A) = D(A) × D(Q ) (8)
generates a strongly continuous semigroup (T (t))t0 on X given by
T (t) =
(
T (t) R(t)
0 S(t)
)
, t  0, (9)
where R(t) : Lp([−r,0], X) → X, t  0, are linear and bounded operators given by
R(t) f =
t∫
0
T (t − τ )LΛS(τ ) f dτ (10)
for t  0 and f ∈ Lp([−r,0], X). Moreover, ρ(A) = ρ(A) and the resolvent operator of A is
R(λ,A) =
(
R(λ, A) R(λ, A)LR(λ, Q )
0 R(λ, Q )
)
, λ ∈ ρ(A). (11)
Denote by Q−1 the extension of Q in the extrapolation sense and eλ : X → Lp([−r,0], X), λ ∈ C, the linear bounded
operator deﬁned by (eλx)(s) = esλx for x ∈ X and s ∈ [−r,0]. Deﬁne the operator
B :=
(
0
(λ − Q−1)eλ
)
: X → X × (Lp([−r,0], X))Q−1. (12)
It is shown in [6] that
ΦBt u =
t∫
0
T−1(t − τ )Bu(τ )dτ ∈ X (13)
for all t  0 and u ∈ Lp([0,∞), X). Hence by the closed graph theorem, we have∥∥ΦBt u∥∥ c‖u‖p (14)
for all t  0, u ∈ Lp([0,∞), X) and a constant c > 0. Also we have∥∥ΦBt ∥∥ ∥∥ΦBτ0∥∥ for t  τ0. (15)
Deﬁne the operator
C := ( I K ) : D(A) → X (16)
and its Yosida extension
D(CΛ) :=
{
ξ ∈ X : lim
λ→+∞ CλR(λ,A)ξ exists
}
,
CΛξ := lim
λ→+∞ CλR(λ,A)ξ. (17)
Using (9), we have
α∫
0
∥∥CΛT (τ )ξ∥∥p dτ  β p‖ξ‖p (18)
for all ξ ∈ X and a constant β := β(|η|([−r,0])) > 0.
The proof of the following result can be found in [10].
546 S. Hadd et al. / J. Math. Anal. Appl. 375 (2011) 543–552Theorem 2.2. The operator AK deﬁned by (4) generates a strongly continuous semigroup TK := (TK (t))t0 on X satisfying TK (τ )ξ ∈
D(CΛ) for all ξ ∈ X and almost all τ  0, and
α∫
0
∥∥CΛTK (τ )ξ∥∥p dτ  γ pα ‖ξ‖p (19)
for ξ ∈ X , α > 0 and a constant γα > 0. Furthermore,
TK (t)ξ = T (t)ξ +
t∫
0
T−1(t − τ )BCΛTK (τ )ξ dτ (20)
for all ξ ∈ X and t  0.
Remark 2.3. Denote by X A−1 and X K−1 the extrapolation spaces corresponding to the semigroups T and TK , respectively. It
is worth noting that TK (t) cannot be continuously extended to X A−1. This due to the fact that the space X K−1 may differ
from X A−1. In [21, Theorem 7.7], the author constructed subspaces W and WK of X A−1 and X K−1, respectively, such that
Jξ := lim
λ→+∞λR(λ,A−1)ξ
(
in X K−1
)
(21)
deﬁnes an isomorphism J : W → WK . Clearly, Jξ = ξ for ξ ∈ X . Using arguments as in [15, Remark 4.6(b)], we have
TK (t)ξ = T (t)ξ +
t∫
0
TK ,−1(t − τ ) JBCΛT (τ )ξ dτ (22)
for all ξ ∈ X and t  0, where TK ,−1 is the extrapolation semigroup on X K−1 associated with TK . Now, from (20) and (22)
we have
t∫
0
T−1(t − τ )BCΛTK (τ )ξ dτ =
t∫
0
TK ,−1(t − τ ) JBCΛT (τ )ξ dτ (23)
for all ξ ∈ X and t  0.
3. Regularity of the neutral semigroup
In this section, under suitable hypotheses, eventually norm continuity and compactness of the semigroup TK on X will
be investigated.
Deﬁnition 3.1. Let V := (V (t))t0 be strongly continuous semigroup on X .
(i) V is immediately norm continuous if V (t) is norm continuous for t > 0.
(ii) V is eventually norm continuous if there exists t0 > 0 such that V (t) is norm continuous for t > t0.
Lemma 3.2. If A generates an immediately norm continuous semigroup, then the operator A deﬁned by (8) generates an eventually
norm continuous semigroup on X .
Proof. Note that S(t) = 0 for t > r. Then
T (t) =
(
T (t) R(t)
0 0
)
, t  r. (24)
For t > r, h ∈ (0, r), we have
R(t + h) f − R(t) f = [T (t − r + h) − T (t − r)]R(r) f (25)
for all f ∈ Lp([−r,0], X). Using Hölder’s inequality and (7), one can see that ‖R(r) f ‖ c‖ f ‖p for all f ∈ Lp([−r,0], X) and
a constant c > 0. Since T (σ ) is norm continuous for σ > 0, then the right-hand side in (25) approaches zero as h → 0
uniformly in f . Now, from (24), it is clear that T (t) is norm continuous for t > r. 
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by
TK (t)ξ = T (t)ξ + R(t)ξ (26)
for t  0 and ξ ∈ X , where
R(t)ξ =
t∫
0
T−1(t − τ )BCΛTK (τ )ξ dτ . (27)
Next, the ﬁrst main result of this paper is presented.
Theorem 3.3. If A generates an immediately norm continuous semigroup, then the operator AK deﬁned by (4) generates an eventually
norm continuous semigroup on X .
Proof. Due to Lemma 3.2 and Eq. (26), it suﬃces to show that R(t) is eventually norm continuous. For this, let ξ ∈ X ,
τ0 > 0, t ∈ (r, τ0] and h ∈ (0, r). We select
uξ (τ ) = CΛTK (τ )ξ (28)
for almost every τ > 0. According to (19), uξ ∈ Lploc([0,∞),X ) and
‖uξ‖Lp([0,τ0],X )  γτ0‖ξ‖ (29)
for a constant γτ0 > 0. We have
R(2t + h)ξ − R(2t)ξ =
t∫
0
[T−1(2t + h − σ) − T−1(2t − σ)]Buξ (σ )dσ
+
2t+h∫
t
T−1(2t + h − σ)Buξ (σ )dσ −
2t∫
t
T−1(2t − σ)Buξ (σ )dσ
= [T (t + h) − T (t)]ΦBt uξ
+
2t+h∫
t
T−1(2t + h − σ)Buξ (σ )dσ −
2t∫
t
T−1(2t − σ)Buξ (σ )dσ
:= I1(h; t, ξ) + I2(h; t, ξ), (30)
where ΦBt is given by (13) and
I1(h; t, ξ) :=
[T (t + h) − T (t)]ΦBt uξ ,
I2(h; t, ξ) :=
2t+h∫
t
T−1(2t + h − σ)Buξ (σ )dσ −
2t∫
t
T−1(2t − σ)Buξ (σ )dσ .
Using (14), (15) and (29), we have∥∥I1(h; t, ξ)∥∥ cγτ0∥∥T (t + h) − T (t)∥∥‖ξ‖.
Now Lemma 3.2 shows that
lim
h→0
∥∥I1(h; t, ξ)∥∥= 0 (uniformly in ξ). (31)
Due to (23) and the fact that
T (σ ) =
(
T (σ ) R(σ )
)
=: (σ), σ > r, (32)0 0
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I2(h; t, ξ) =
2t+h∫
t
TK ,−1(2t + h − σ) JBCΛ(σ )ξ dσ −
2t∫
t
TK ,−1(2t − σ) JBCΛ(σ )ξ dσ ,
where J is deﬁned by (21). Next we compute the term CΛ(σ )ξ for almost every σ  t > r. If we set ξ =
( z
ϕ
)
and
Ω := ( I 0 ), then by using (11) and (16), we have
CλR(λ,A)(σ )ξ = λR(λ, A)[T (σ )z + R(σ )ϕ]= λR(λ, A)Ω(σ )ξ.
By letting λ → +∞ on both sides of the above equality and using (17), we obtain
CΛ(σ )ξ = Ω(σ)ξ
for almost every σ  t > r. Put
B := JBΩ. (33)
By using a change of variable, we have
I2(h; t, ξ) =
t∫
t−h
TK ,−1(2t − σ)B(σ + h)ξ dσ +
2t∫
t
TK ,−1(2t − σ)B
(
(σ + h) − (σ))ξ dσ .
The change of variable σ = s + t − h implies that
t∫
t−h
TK ,−1(2t − σ)B(σ + h)ξ dσ = TK (t)
h∫
0
TK ,−1(h − s)B(s + t)ξ ds
= TK (t)ΦBh (· + t)ξ,
where we set
ΦBh g =
h∫
0
TK ,−1(h − s)Bg(s)ds, g ∈ Lp
([0,∞),X ).
We deﬁne
v(σ ;h, ξ) :=
{
0, σ ∈ [0, t),
(σ + t)ξ − (σ)ξ, σ ∈ [t,2t].
Then
2t∫
t
TK ,−1(2t − σ)B
(
(σ + h) − (σ))ξ dσ = ΦB2t v(·;h, ξ).
Then
I2(h; t, ξ) = TK (t)ΦBh (· + t)ξ + ΦB2t v(·;h, ξ). (34)
Let M  1 and ω ∈ (0,∞) be such that ‖TK (τ )‖  Meωτ for τ  0. From the proof of Lemma 2.1, we have [t,∞) 	 σ 
→
(σ) ∈ L(X ) is norm continuous. Using a similar fact as in (15), we estimate
∥∥TK (t)ΦBh (· + t)ξ∥∥ Meωτ0∥∥ΦBτ0∥∥
( h∫
0
∥∥(σ + t)∥∥p dσ
) 1
p
‖ξ‖.
Hence∥∥TK (t)ΦBh (· + t)ξ∥∥ approaches zero uniformly in ξ as h → 0. (35)
Again, using a fact as in (15), we have
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
√
2τ0
∥∥ΦB2τ0∥∥ sup
σ∈[t,2τ0]
∥∥(σ + h) − (σ)∥∥‖ξ‖.
Since (σ) is norm continuous for σ > r, then∥∥ΦB2t v(·;h, ξ)∥∥ approaches zero uniformly in ξ as h → 0. (36)
By combining (34), (35) and (36), we have∥∥I2(h; t, ξ)∥∥ approaches zero uniformly in ξ as h → 0. (37)
From (30), (31) and (37), we have∥∥R(2t + h) − R(2t)∥∥ approaches zero as h → 0.
Finally, Lemma 2.1 and (26) show that TK (σ ) is norm continuous for σ > 2r. 
In the rest of this paper, we show the eventual compactness of the semigroup TK .
Deﬁnition 3.4. Let V := (V (t))t0 be strongly continuous semigroup on X .
(i) V is immediately compact if V (t) is compact for t > 0.
(ii) V is eventually compact if there exists t0 > 0 such that V (t) is compact for t > t0.
The following result gives the relationship between the immediately compactness and immediately norm continuity of
semigroups, see [3, Chapter II, p. 119] for the proof.
Theorem 3.5. For a strongly continuous semigroup (V (t))t0 on a Banach space Z , the following properties are equivalent.
(i) V is immediately compact.
(ii) V is immediately norm continuous, and its generator has a compact resolvent operator.
Note that the generator of an eventually compact semigroup may not have a compact resolvent, see e.g. [3, Example 4.27,
p. 118]. The above theorem is only useful for immediately compact semigroups. However, the following result (see [3,
Lemma 4.28, p. 119]) will be useful for our case as we deal with delay systems.
Lemma 3.6. Let (V (t))t0 be a strongly continuous semigroup with generator G. Assume that the map t 
→ V (t) is norm continuous
at some t0  0 and that R(λ0,G)V (t0) is compact for some (hence all) λ0 ∈ ρ(G). Then the operators V (t) are compact for all t  t0 .
The following result shows the eventual compactness of the semigroup T given by (9).
Lemma 3.7. If A generates an immediately compact semigroup on X then A generates an eventually compact semigroup on X .
Proof. Let τ0 > 0 and λ0 ∈ ρ(A) = ρ(A). By Lemma 3.2 and Lemma 3.6 it suﬃces to show that R(λ0,A)T (τ0) is compact.
Using (9)–(11), and the fact that S(τ0) = 0, we obtain
R(λ0,A)T (τ0) =
(
R(λ0, A)T (τ0) R(λ0, A)R(τ0)
0 0
)
.
Since R(λ0, A) is compact according to Theorem 3.5, R(λ0,A)T (τ0) is compact as well. This ends the proof. 
Next, the second main result of this paper is presented.
Theorem 3.8. If A generates an immediately compact semigroup on X then AK generates an eventually compact semigroup TK on X .
Proof. We will prove that TK (t) is compact for t > 2r. For this, let τ0 > r and let λ0 be suﬃciently large. According to
Theorem 3.3 we have TK (t) is norm continuous for t > 2r. Then by Lemma 3.6 to prove our aim it suﬃces to show that
R(λ0,AK )TK (2τ0) is compact. Taking Laplace transform on both sides of (23), we have
R(λ0,AK ) = R(λ0,A) + R(λ0,AK ,−1) JBCR(λ0,A)
= Πλ0 R(λ0,A), (38)
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Πλ0 := I + R(λ0,AK ,−1) JBC ∈ L
(D(A),X ).
Then, by (38), it suﬃces to show that R(λ0,A)TK (2τ0) in compact. By (26),
R(λ0,A)TK (2τ0) = R(λ0,A)T (2τ0) + R(λ0,A)R(2τ0).
Now, since by the proof of Lemma 3.7 we know that R(λ0,A)T (2τ0) is compact, it suﬃces to show that R(λ0,A)R(2τ0)
is compact. We have
R(2τ0) = T (τ0)R(τ0) + Γ (τ0),
where
Γ (τ0)ξ :=
2τ0∫
τ0
T−1(2τ0 − σ)BCΛTK (σ )ξ dξ, ξ ∈ X .
By the proof of Lemma 3.7 we know that R(λ0,A)T (τ0) is compact. Then it remains to prove that R(λ0,A)Γ (τ0) is
compact. As in the proof of Theorem 3.3, the operator Γ (τ0) can take the following form
Γ (τ0)ξ :=
2τ0∫
τ0
TK ,−1(2τ0 − σ)B(σ)ξ dξ
for ξ ∈ X , where (·) and B are deﬁned by (32) and (33), respectively. Taking Laplace transform in both sides of Eq. (20),
we have
R(λ0,A) = R(λ0,AK ) − R(λ0,A−1)BCΛR(λ0,AK ).
Then
R(λ0,A)Γ (τ0) = (I − Hλ0)
2τ0∫
τ0
Ψτ0,λ0(σ )(σ )dσ , (39)
where
Hλ0 := R(λ0,A−1)BCΛ : D(CΛ) → X ,
and
Ψτ0,λ0 : [τ0,2τ0] → L(X ), σ 
→ TK (2τ0 − σ)R(λ0,A−1,K )B.
Let λ1 be such that [λ1,∞) ⊂ ρ(A). On the domain D(CΛ) we deﬁne the norm
‖ξ‖D(CΛ) := ‖ξ‖X + sup
λλ1
∥∥CλR(λ,A)ξ∥∥X .
Then [D(CΛ)] := (D(CΛ),‖ · ‖D(CΛ)) is a Banach space, see [19]. Clearly,
Hλ0 ∈ L
([D(CΛ)],X ).
According to (32) and the proof of Lemma 3.7, (σ) is compact for σ  τ0. Using [3, Theorem C.7, p. 525],
2τ0∫
τ0
Ψτ0,λ0(σ )(σ )dσ
is compact. From (39) we have R(λ0,A)Γ (τ0) is compact, which implies that the operator R(λ0,AK )TK (2τ0) is compact.
This ends the proof. 
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A(∂, z) := div(a(z)∇·)+ 〈b(z),∇·〉+ c(z), z ∈ O,
where a(z) = [aij] ∈ Rn×n with aij = a ji ∈ C1b (R+,C1(O)) and
n∑
i, j=1
aij(z)υiυ j  κ
n∑
i, j=1
υ2i
for a constant κ > 0 and all (υ1,υ2, . . . , υn) ∈ Rn and z ∈ O. We assume that b(z) = (b1(z),b2(z), . . . ,bn(z)) with b1 ∈
C1(O) for i = 1,2, . . . ,n, and c(·) is essentially bounded in O, i.e., c ∈ L∞(O). We now consider the partial differential
equation of neutral type⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
d
dt
[
w(t, z) −
0∫
−r
dη(s, z)w(t + s, z)
]
= A(∂, z)
[
w(t, z) −
0∫
−r
dη(s, z)w(t, z)
]
+
0∫
−r
dμ(s, z)w(t + s, z), t > 0, z ∈ O,
w(t, z) =
0∫
−r
dη(s, z)w(t + s, z), t  0, z ∈ ∂O,
lim
t→0+
[
w(t, z) −
0∫
−r
dη(s, z)w(t + s, z)
]
= g(z), z ∈ O,
w(t, z) = ϕ(t, z), z ∈ O, t ∈ [−r,0].
(40)
Here we assume that μ and η are bounded variation functions on s, continuous at zero and for all f ∈ L2(O),
sup
s∈[−r,0]
∫
Ω
∥∥μ(s, y) f (y)∥∥2 dy  β1‖ f ‖2L2(O) and
sup
s∈[−r,0]
∫
Ω
∥∥η(s, y) f (y)∥∥2 dy  β2‖ f ‖2L2(O)
for some constants β1, β2 > 0. Moreover, we assume that the initial condition g ∈ L2(O) and the history function ϕ ∈
L2([−r,0], L2(O)). We now introduce the realization operator
Ah = A(∂, ·)h,
D(A) = {h ∈ W 2,2(O): h = 0 on ∂O}.
It is known that A generates a holomorphic semigroup on X := L2(O) and the imbedding of D(A) into L2(O) is compact.
Since T (t) : L2(O) → D(A), we see that T (t) is compact for all t > 0. We select
Kζ =
0∫
−r
dη(s, ·)ζ(s, ·) and Lζ =
0∫
−r
dμ(s, ·)ζ(s, ·)
for ζ ∈ W 2,2([−r,0], L2(O)). By using above realization, Eq. (40) can be rewritten as the abstract equation (1). By introduc-
ing the state space
X := L2(O) × L2([−r,0], L2(O)),
this equation can be transformed as the Cauchy problem (3). Let, by Theorem 2.2, (TK (t))t0 be the solution semigroup
of the system (3) (hence the solution of the neutral equation (40)). Theorem 3.8 shows that TK is an eventually compact
semigroup.
552 S. Hadd et al. / J. Math. Anal. Appl. 375 (2011) 543–5524. Conclusion
In this paper we have proved that the neutral semigroup TK is eventually norm continuous (resp. eventually compact)
whenever the semigroup T is immediately norm continuous (resp. immediately compact). The proof is mainly based on the
variation of constant formulas (20) and (22). This is an extension of the well-known case of delay equations.
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